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Abstract
In the previous paper we examined the third quantization of the f(R)-type grav-
ity and studied the Heisenberg uncertainty relation of the universe in the example
of f(R) = R2. In this work the Heisenberg uncertainty relation of the universe is
investigated in the general f(R)-type gravity where tachyonic states are avoided.
It is shown that, at late times namely the scale factor of the universe is large, the
spacetime becomes classical, and, at early times namely the scale factor of the
universe is small, the quantum effects dominate.
PACS numbers : 04.50.Kd, 04.60.Ds, 98.80.Qc
1 Introduction
Investigations of f(R)-type gravity arises from two main motivations. In early stage, such
theories were interested in because of their theoretical advantages. The theory of graviton
is renormalizable[1][2]. It seems to be possible to avoid the initial singularity of the universe
predicted by the theorem proved by Hawking[3][4]. And inflationary model without inflaton
field is possible[5]. Another motivation began after the discovery of the accelerated expansion
of the universe[6] [7][8] and large value of the dark energy density[8], and such theories have
been attracting much attention[9][10][11][12].
Quantum mechanical aspects of the theory are mainly applied to cosmology, namely
quantum cosmology[13], and black holes[14]. The fundamental equation describing the dy-
namics of the universe is the Wheeler-DeWitt equation(WDW eq.) which is the differential
equation for the wave function of the universe[15]. However, it is well known that, in general,
WDW eq. has the problem that the probabilistic interpretation is difficult as in the case
of the Klein-Gordon equation. One of the proposed ideas to solve this problem is the third
quantization in analogy with the quantum field theory [16][17][18][19][20] [21][22][23][24][25]
[26][27][28][29] [14][30][31][32]. Then the third-quantized universe theory describes a system
of many universes. Third quantization is useful to describe bifurcating universes and merging
universes, if an interacting term is introduced in the Lagrangian for the third quantization.
The quantum cosmology of the f(R)-type gravity using WDW eq. has already been
studied [13]. As noted above the third quantized version is desirable, and the third quan-
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tization of f(R)-type gravity was also investigated in Ref.[14]. However, in it black holes
were studied but cosmology was not treated. So in the previous work we examined the
third quantization of the f(R)-type gravity, using explicit form of the action which yields
WDW eq. of f(R)-type gravity, and we investigated the Heisenberg uncertainty relation of
the universe in the example of f(R) = R2 [33]. In this work we investigate the uncertainty
relation of the universe in the general f(R)-type gravity where tachyonic states are avoided.
We start from the effective theory of the f(R)-type gravity in a flat Friedmann-Lemaitre-
Robertson-Walker metric. Then a suitable change of variable is performed and WDW eq.
is written down. Quantizing this model once more, we obtain the third-quantized theory of
f(R)-type gravity. The Heisenberg uncertainty relation is investigated in the general f(R)-
type gravity where tachyonic states are avoided. It will be shown that, at late times namely
the scale factor of the universe is large, the spacetime becomes classical, and, at early times
namely the scale factor of the universe is small, the quantum effects dominate.
In section 2, the effective theory of f(R)-type gravity in the case of a flat Friedmann-
Lemaitre-Robertson-Walker metric is summarized . In section 3, the third quantization of
this theory is considered. In section 4, the uncertainty relation is studied in the general
f(R)-type gravity where tachyonic states are avoided. Summary is given in section 5.
2 Generalized gravity of f(R)-type
Generalized gravity of f(R)-type is one of the higher curvature gravity in which the action
is given by
S =
∫
d4xL =
∫
d4x
√−gf(R). (2.1)
The spacetime is taken to be 4-dimensional. Here g ≡ det gµν and R is the scalar curvature.
Let us consider the next action
S =
∫
d4x
√−g
[
f(φ) + f ′(φ)(R− φ)
]
, (2.2)
where f ′(φ) =
df(φ)
dφ
and we assume f ′′(φ) 6= 0. It is well known that the field equations
of this action are obtained from the field equations for (2.1) in which f(R) is replaced with
f(φ) and the following equation
R = φ. (2.3)
If we substitute Eq.(2.3) into Eq.(2.2), we formally obtain Eq.(2.1) [10].
In order to make things simple, let us consider the case of a flat Friedmann-Lemaitre-
Robertson-Walker metric [34],
ds2 = −dt2 + a2(t)
3∑
k=1
(dxk)2. (2.4)
Then the scalar curvature is written as
R = 6
(
a¨
a
+
a˙2
a2
)
, (2.5)
with a˙ =
da
dt
.
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Using Eqs.(2.4),(2.5), we can straightforwardly transform Eq.(2.2) to
Seff =
∫
d4x
[
a3f(φ)− 6f ′′(φ)φ˙a2a˙− 6f ′(φ)aa˙2 − f ′(φ)φa3
]
=
∫
d4xLeff , (2.6)
where the partial integration has been applied to the term containing a¨ [34][13].
Then standard canonical formalism leads to the Hamiltonian written as [33]
Heff = − papφ
6a2f ′′(φ)
+
f ′(φ)p2φ
6a3f ′′(φ)2
+ a3f ′(φ)φ− a3f(φ). (2.7)
The time reparametrization invariance means
Heff = 0. (2.8)
This equation and the field equations of motion from (2.6) give those of (2.1) and Eq.(2.3) in
the case of Eq.(2.4). Therefore Leff can be regarded as the effective Lagrangian for Eq.(2.1)
when the metric is given by Eq.(2.4) [34][13][33].
3 Third quantization
Eqs.(2.7),(2.8) lead to WDW eq.[13] whose kinematic terms are rather complicated, and it
is difficult to obtain the action for the third quantization. Therefore, in this section we first
make a change of a variable to make the kinematical terms simpler, and then we derive
WDW eq. Next we write down the action for the third quantization which yields WDW eq.
as the field equation. Then we carry out the third quantization.
Now let us make the change of a variable as follows:
ϕ = ϕ(φ) ≡ ln f ′(φ), f ′(φ) = eϕ, φ = f ′−1(eϕ). (3.1)
Then the Lagrangian is expressed as
Leff = −6aa˙2eϕ − 6a2a˙eϕϕ˙− a3f ′−1(eϕ)eϕ + a3f
(
f ′−1(eϕ)
)
, (3.2)
and the Hamiltonian constraint becomes [33]
p2ϕ
a
− papϕ + 6a5f ′−1(eϕ)e2ϕ − 6a5eϕf
(
f ′−1(eϕ)
)
= 0. (3.3)
Substituting
pa → −i ∂
∂a
, pϕ → −i ∂
∂ϕ
, (3.4)
we obtain WDW eq.
−1
a
∂2ψ
∂ϕ2
+
∂2ψ
∂a∂ϕ
+ 6a5f ′−1(eϕ)e2ϕψ − 6a5eϕf
(
f ′−1(eϕ)
)
ψ = 0. (3.5)
Here ψ(a, ϕ) is the wave function of the universe.
Now let us comment on the possibility of tachyonic states in this WDW eq. In order to
examine Eq.(3.5) in the Klein-Gordon form, we make change of variables as
τ = a+ ϕ+ ln a, σ = a− ϕ− ln a. (3.6)
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Then we obtain
∂2ψ
∂τ 2
− ∂
2ψ
∂σ2
+ Uψ = 0, (3.7)
where
U = 6a5f ′−1(eϕ)e2ϕ − 6a5eϕf
(
f ′−1(eϕ)
)
,
= 6
(
τ+σ
2
)3
f ′−1
(
2
τ+σ
e
τ−σ
2
)
eτ−σ − 6
(
τ+σ
2
)4
f
(
f ′−1
(
2
τ+σ
e
τ−σ
2
))
e
τ−σ
2 .
(3.8)
From Eqs.(3.6) we notice that τ can be considered as the time variable, since τ is a monotonic
increasing function of the scale factor a . Therefore, in order to avoid tachyonic states, U ≥ 0
is required, since U is the square of the effective mass [24]. The condition U ≥ 0 means
f ′(R)
(
f ′(R)R− f(R)
)
≥ 0, (3.9)
in the original variables. Notice that this condition is satisfied, for example, f(R) = R2 ,
when R ≥ 0 , and f(R) = 1
16piG
R + cR2 , where c is a small positive constant .
The action for the third quantization to yield WDW eq.(3.5) can be written as
S3Q =
∫
dadϕ
1
2

1
a
(
∂ψ
∂ϕ
)2
− ∂ψ
∂a
∂ψ
∂ϕ
+ 6a5f ′−1(eϕ)e2ϕψ2 − 6a5eϕf
(
f ′−1(eϕ)
)
ψ2

 ,
=
∫
dadϕL3Q.
(3.10)
If we consider a to be the time coordinate from now on, the canonical momentum which is
conjugate to ψ is written as
pψ =
∂L3Q
∂(∂ψ/∂a)
= −1
2
∂ψ
∂ϕ
. (3.11)
The Hamiltonian is given by
H3Q = pψ ∂ψ
∂a
− L3Q,
= −2
a
p2ψ − 3a5f ′−1(eϕ)e2ϕψ2 + 3a5eϕf
(
f ′−1(eϕ)
)
ψ2.
(3.12)
In order to third quantize this system we impose the equal time commutation relation
[ψˆ(a, ϕ), pˆψ(a, ϕ
′)] = iδ(ϕ− ϕ′). (3.13)
We use the Schro¨dinger picture, so we take the operator ψˆ(a, ϕ) as the time independent
c-number field ψ(ϕ), and we substitute the momentum operator as
pˆψ(a, ϕ)→ −i ∂
∂ψ(ϕ)
. (3.14)
Then we obtain the Schro¨dinger equation
i
∂Ψ
∂a
= Hˆ3QΨ, (3.15)
that is
i
∂Ψ
∂a
=

2
a
(
∂
∂ψ(ϕ)
)2
− 3a5f ′−1(eϕ)e2ϕψ2(ϕ) + 3a5eϕf
(
f ′−1(eϕ)
)
ψ2(ϕ)

Ψ, (3.16)
where Ψ is the third quantized wave function of universes.
4
4 Uncertainty relation
In order to estimate the uncertainty, we assume the Gaussian ansatz for the solution to the
Schro¨dinger equation (3.16) as is often done
Ψ(a, ϕ, ψ(ϕ)) = C exp
{
−1
2
A(a, ϕ)[ψ(ϕ)− η(a, ϕ)]2 + iB(a, ϕ)[ψ(ϕ)− η(a, ϕ)]
}
, (4.1)
where A(a, ϕ) = D(a, ϕ) + iI(a, ϕ) [35][23][25][29][33]. The real functions D(a, ϕ), I(a, ϕ),
B(a, ϕ) and η(a, ϕ) should be determined from Eq.(3.16). C is the normalization of the wave
function. The inner product of two functions Ψ1 and Ψ2 is defined as
〈Ψ1,Ψ2〉 =
∫
dψ(ϕ)Ψ∗1(a, ϕ, ψ(ϕ))Ψ2(a, ϕ, ψ(ϕ)). (4.2)
The Heisenberg uncertainty relation can be calculated as [33]
(∆ψ(ϕ))2(∆pψ(ϕ))
2 =
1
4
(
1 +
I2(a, ϕ)
D2(a, ϕ)
)
, (4.3)
where (∆ψ(ϕ))2 ≡ 〈ψ2(ϕ)〉 − 〈ψ(ϕ)〉2 and (∆pψ(ϕ))2 ≡ 〈p2ψ(ϕ)〉 − 〈pψ(ϕ)〉2 .
Note that to evaluate (4.3), only A(a, ϕ) is necessary. Substituting the ansatz (4.1) into
the Schro¨dinger equation(3.16), we obtain
− i
2
∂A(a, ϕ)
∂a
=
2
a
A2(a, ϕ) + 3a5eϕ
[
f
(
f ′−1(eϕ)
)
− eϕf ′−1(eϕ)
]
. (4.4)
Writing
ln a =
α
6
, (4.5)
we have
−3i∂A(α, ϕ)
∂α
= 2A2(α, ϕ) + 3eαeϕ
[
f
(
f ′−1(eϕ)
)
− eϕf ′−1(eϕ)
]
. (4.6)
In order to solve this equation, let us write
A(α, ϕ) =
3i
2
∂ ln u(α, ϕ)
∂α
, (4.7)
where u(α, ϕ) is a suitable function. Then u(α, ϕ) must satisfy the equation,
∂2u(α, ϕ)
∂α2
+ k(ϕ)eαu(α, ϕ) = 0, (4.8)
where
k(ϕ) =
2
3
eϕ
[
eϕf ′−1(eϕ)− f
(
f ′−1(eϕ)
)]
. (4.9)
Now let us assume the condition (3.9) to avoid tachyonic states, and let us introduce a new
variable
z = 2
√
k(ϕ)eα, (4.10)
which plays a role of time coordinate. Then we have
∂2u(z, ϕ)
∂z2
+
1
z
∂u(z, ϕ)
∂z
+ u(z, ϕ) = 0. (4.11)
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As this equation can be regarded as the ordinary differential equation with respect to z with
a parameter ϕ, this is the case when ν = 0 in the following Bessel’s equation
d2u(z)
dz2
+
1
z
du(z)
dz
+
(
1− ν
2
z2
)
u(z) = 0. (4.12)
Therefore we have the solution
u(z, ϕ) = cJ(ϕ)J0(z) + cY (ϕ)Y0(z), (4.13)
where J0, Y0 are the Bessel functions of order 0 and cJ , cY are arbitrary complex functions
of ϕ.
From Eqs.(2.3),(3.1),(4.5),(4.7),(4.9),(4.10),(4.13), we can obtain
z = 2
√
2
3
f ′(R)[f ′(R)R− f(R)] a3, ϕ = ln(f ′(R)) (4.14)
and
A(z, ϕ) = −i3z
4
cJ(ϕ)J1(z) + cY (ϕ)Y1(z)
cJ(ϕ)J0(z) + cY (ϕ)Y0(z)
, (4.15)
where we have used J ′0(z) = −J1(z), Y ′0(z) = −Y1(z) [36].
Since A(z, ϕ) = D(z, ϕ) + iI(z, ϕ) , we have
D(z, ϕ) = − 3i
4pi|cJ(ϕ)J0(z) + cY (ϕ)Y0(z)|2 [cJ(ϕ)c
∗
Y (ϕ)− c∗J(ϕ)cY (ϕ)], (4.16)
where we used J0(z)Y1(z)− J1(z)Y0(z) = − 2
piz
[36], and
I(z, ϕ) = − 3z
8|cJ(ϕ)J0(z) + cY (ϕ)Y0(z)|2×[
2|cJ(ϕ)|2J0(z)J1(z) + 2|cY (ϕ)|2Y0(z)Y1(z)
+(cJ(ϕ)c
∗
Y (ϕ) + c
∗
J(ϕ)cY (ϕ))(J0(z)Y1(z) + J1(z)Y0(z))
]
.
(4.17)
So if we assume cJ(ϕ)c
∗
Y (ϕ)−c∗J(ϕ)cY (ϕ) 6= 0 (Note that in this case both of cJ(ϕ), cY (ϕ)
are nonzero.), we obtain
I2(z, ϕ)
D2(z, ϕ)
= − pi
2z2
4[cJ(ϕ)c
∗
Y (ϕ)− c∗J(ϕ)cY (ϕ)]2
×
[
2|cJ(ϕ)|2J0(z)J1(z) + 2|cY (ϕ)|2Y0(z)Y1(z)
+(cJ(ϕ)c
∗
Y (ϕ) + c
∗
J(ϕ)cY (ϕ))(J0(z)Y1(z) + J1(z)Y0(z))
]2
.
(4.18)
At late times namely a→∞ i.e. z →∞,
J0(z) ∼
√
2
piz
cos(z − pi
4
), J1(z) ∼
√
2
piz
sin(z − pi
4
),
Y0(z) ∼
√
2
piz
sin(z − pi
4
), Y1(z) ∼ −
√
2
piz
cos(z − pi
4
),
6
[36] we have
I2(z, ϕ)
D2(z, ϕ)
∼ − [(|cJ(ϕ)|
2 − |cY (ϕ)|2) cos(2z) + (cJ(ϕ)c∗Y (ϕ) + c∗J(ϕ)cY (ϕ)) sin(2z)]2
[cJ(ϕ)c∗Y (ϕ)− c∗J(ϕ)cY (ϕ)]2
∼ O(1).
(4.19)
This and Eq.(4.3) mean that at late times namely a→∞, it is plausible that the spacetime
becomes classical in the sense that the quantum fluctuations become minimum.
On the other hand at early times namely a→ 0 i.e. z → 0,
J0(z) ∼ 1− z
2
4
, J1(z) ∼ z
2
,
Y0(z) ∼ 2
pi
ln z, Y1(z) ∼ − 2
piz
,
[36] we obtain
I2(z, ϕ)
D2(z, ϕ)
∼ − 16|cY (ϕ)|
4
pi2[cJ(ϕ)c∗Y (ϕ)− c∗J(ϕ)cY (ϕ)]2
(ln z)2 ∼ ∞. (4.20)
This and Eq.(4.3) mean that the fluctuation of the third quantized universe field becomes
large at early times namely a → 0. Therefore the quantum effects dominate for the small
values of the scale factor of the universe.
5 Summary
In this work the third quantization of the f(R)-type gravity is investigated, when the metric
is a flat Friedmann-Lemaitre-Robertson-Walker one. The Heisenberg uncertainty relation
of the universe is investigated in the general f(R)-type gravity where tachyonic states are
avoided. It has been shown that, at late times namely the scale factor of the universe is
large, the spacetime becomes classical, and, at early times namely the scale factor of the
universe is small, the quantum effects dominate. This result is similar to Ref.[24][25][29][33]
but is not similar to Ref.[23], where it was shown that quantum effects dominate also when
the scale factor is large. However, as pointed out in Ref.[25] this era corresponds to the
classically forbidden region in that model[23].
As a future work, though our formulation started from the effective action (2.2), it will
be interesting to quantize (2.1) directly as in Ref.[14], since the quantization of the f(R)
-type gravity would not be unique.
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